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SELFSHIELDINGINRECTANGULARANDCYIJMURICALGEOMETRIES

By HaroldSchneider,PaulG. Saper,andChsrlesF. i%dow

SUMMARY

Thesteady-statediffusionP2 sndtranspotitheoryP3 solutions
of severalself-shieldhgproblemshavebeenobtatiedformulttiegion
cellsofrectsmgd.arandcylintiicalgeometries.Thesecellsrepresent
a givenarrangementofmoderator,fuel,andcl.addhg;umallyconsidered
tobe homogeneous.Thethree-regioncellsstudiedwereofslabgeometq
onlyandconsistedofwater,steel,anduraniumregions.Thetwo-region
cellswereof identicslvolumetricproportionsandcompositions,cliffer-
tigonlyh thehomogeneousdispersionofuraniuminwater.Thedimen-
sionsoftheequivalenttworegionsofthecylindricalce12werechosen
sothatthessmehomogeneousself-shieldingfactorof thecorresponding
slabcellwasmatitatied.Additionalresultswerecalculatedconsider-
ingtheeffectsofthechemical.bindingh wateronthefluxdistribu-
tionsandself-shieldingfactors.

Theneutronswereassumedtobe monoenergetic;theirdistribution
functionassumedtobe dependentonbutonespatialcoord5natejandthe
scatteringh thecenterofmaassystemassumedtobe sphericallysym-
metrical.The P2 approximationunderesthatedthemagnitudeof seM-
shieldingeffectsrelativetothe P3 approximationforallcases.Con-
siderationof chemicalbindtiginwaterwasunimportantincalculating
self-shieldingfactorsforthethree-regioncellbutcouldnotbe neg-
lectedforthetwo-regioncellwherethewaterandfuelwerehomogene-
ouslymixed.An electromechmical.deferentialanalyzerwasusedto
solvethe P2 snd P3 fluxequations.

INTRODUCTION

b zeropowercriticalityexpenhnents,itisusual.tomockupthe
reactorcompositionh themostexpedientway. A fuel-elementmderator
asseniblymaybe representedby fuelstripstemporarilyattachedto
platesof claddingmaterial.orby solutionsofenrichduraniumsaltin
liquidmoderator..Inanalyzingthesecritical.ityexperhents,itis
importantto lmowhowa givenfuel-elementmoderatorassen$lydeparts

.———- —.— _——. —_— _ .——..——..
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thehomogeneousconditions.Inasmuchasthedimensionsofrepeti-
ceJJ_sh anassedl.yme generallyverymuchlessthantheaverage
freepath,solutionsofhigherorderthandMfusiontheoryarere-

qu5redto evaluatedepsz’tmesfromhomogeneity.

Thesteady-statediffusim-theorysolutionsandthenexthigher
orderapproximationofseveralseU?-shielMngproblemshavebeenobtained
formulttiegioncelJsofrectangularandcylindricalgeometry.Theneu-
tronshavebeenassumedtobe monoenergetic,andtheirdistributionfunc- ual
tionhasbeenassumedtobe dependentonbutonespatialcoordinate. %
SphericsJJysymmetricalscatteringinthecenterofmasssystemhasalso
beenassumed.Thesolutionsofthediffusiontheory‘2 andthetrans-
porttheoryP3 fluxequationswereobtainedby a clifferentialanalyzer.
(AU symbolsusedheretime definedh appendixA.)

Thecasesstudiedforrectangulargeanetrywere(a]a three-region
cellconsisttigofWaterjsteel,andWanium,and{b]a two-regioncell
consistingof identicalvolumetricproportionsandcaucpositionsexcept
for
for
Ous

thehomogeneousdispersionofuraniuminwater.Thecasestudied
cyltitiicalgeometrywasa two-regioncelJ.havingthesamehcmmgene-
selJ2-shieldtigfactorasthatofcase(b).

Additionalresultswereobtatiedby approximatingtheeffectsof
molecularbtitigh thewatermoleculeby a methodderivedbyA.
Radkows@ina classifiedpublication.Thethermslneutronfluxdistri-
butionswereusedto computetheratioR oftotslabsorption-h uran-
iumtothetotalabsorptionh theceld..

Thedetailedderivationofthefluxequationsinthe P3 approxi-
mationh rectangulargeometryisgivenh reference1. Theequations
forthe P3 approximateionof cyltidricalgeanetryarederivedindetail
inappendixB. TheseequationswerealsoobtainedbyR. R. Haeffnerin
a smewhatdifferentmamnerandpresentedima classifiedpublication.

AJ!ULYSIS

NeutronFluxEquationsandBoundaryConditions

ForThree-RegionS1.sbCell.

&s~g a c~st~t isotropic8ourceofthe- neutro~ SA for
waterregionA, the ‘3 approx-tionforthisre@on leadstothe
equations(ref.1)

,.
!,
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Fi(x)+=&o(x) - SA=O

F;(x) +2F;(x} +~F1(x) =0)~i(x) + ~~(X) + 5a2F2(x) s O

3F~(x)+7a#3(x)= 0

where Fk isthe kth(k= 0, 1, 2,3)coefficientoftheLegendreex-
pansionofthefluxfunction.PhysicaUy,FO isthetotalneutronflux
and F1 isthenetneutron

(M,1,2,3)aregivenby

where# isthenuniberd

current.Thecoefficientsdenotedby ~

~=+-~<,k

scatteringnucleipercubiccentheterof
regionA, Z isthetotalmacroscopiccrosssection,and ac~ isthe
kthcoefficientoftheLegendreexpansiaofthescattering~&ction.
~ VELhH3 of ‘sjk arecalculatedforsphericallysymnetricscattertig
inthecenterofmasssystemb appendixC. ~ valueof SA titak~
as1 neutronperctiiccentimeterpersecond.Identicslsetsofequa-
tionsholdinregionsB and C withtheterm a replacedbyb and
c,respectively,andwitha zerosourceintheseregions.

EMm3natingF1 and F3 fromequations{1)andformaldytitegrat-
ingwithrespectto x

(2]

witha similarsetofequationsh regionsB and C. Theequationsin
thisformsresuitableforsolutionby a dMferentialanalyzer.

-—.—.. . --— —-—--.— ——. . .—_______ .. ___ -—..-—— —.——.—
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Thebound- conditionsare

F~(0)= O

F;(o)= o

‘1

attheextremeboundariesO and T
FL(Y)= O

F;(y)= O

‘OA~a~= ‘OB(a) -) )
1

‘6.A(a}+ 2% A(u)”.
al

= ‘6,B(a)+ 2Y;B(aj

‘}
atboundsz’ya

bl

(3a]

(3b)

(3C}

(3d)

(4a)

(4b]

(4C)

(4d)

(5a)

(5I))

(5C)

(5d]

Equations(4)and(5)followfromcentinuityrequirementsonthe

‘k,s attheinterfacesa and ~ whereasequations(3)folJ-owfromthe
requirementthat Fl and F3 vanishat O sad y (ref.1).

By settingF2s O, equations(2)to (5)reduceto dMfusiontheory

withthed3ffusionandabsorptioncoefficientsbeinggivenby D = —
<

and ~, respectively.Thespecializationofequations(2)to (5)to
two-regioncasesfold.owsdirectly.

--
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Specificslabconfigurations.- Figure1 showstherectangular
cellsstudiedandgivesthespecifictiensionsused. Theneutroncross
sectionsaregivenh figure2. Thevolumeproportimsoftherepeated
slabarrayusedwere-steel:fuel:steel:water,26.7:1:26.7:52.3leacMng
to symetricslcellvolumeproportionsof fuel:steel:water,
0.50:26.7:26.15.Thespecificsolutionsobtainedcorrespondto anen-
richedfuelthicknessof3 roils(1.5roilsinthecelJ_).

Thedimensionsandnuclearconstantslistedinfigures1 and2 and
thevaluesof ‘s)k computedinappendixC wereusedto calculatethe
coefficientswhichweresubstitutedintoeqwtions(2)to (5). For

r)
eateraccuracyandconveniencethestronglyabsorptiveuraniumregion
Za= 33 wasmagnified20timesby meansofa ltieartransfomnationof
theindependentvariable.

ResultsforthechemicaJJyboundcaseswereobtainedby theuseof
aneffectivehytiogenmass M ad anaveragehydrogentransportcross

–H
section~~FJthelatterhavtigbeenderivedbyA.RadX.owskyinorder.—
to approx~tetheeffectsof chemicalbinding
quantityM isdefinedby

Y)–H – ~ 2
‘tr= aS -%

where– H istheaveragehydrogenscattering‘%

ofthehyhogen. The

crosssectionaveraged
overa Maxwelliandistributionofneutronflux.

–Hm v~ues of M)~t~~and US forwateratroomtemperatureare
2.0,31.4,and46.7,respectively.Fortheunboundcase,M wastaken
as1,and # as25.6barnsfromwhichitfollowsthat ~r= 8.55
barns.

Fromthefluxdistributions,theself-shieldingfactorsR were
calculatedby

R . totalabsorptionby uranim
totalabsorptionincell

J @h: ~
uranium

=

J F~(x@x +
f

F~teel(x)zste~dxa
ursnium steel

Fo%!&”
=
#J#vu +jfsteelZstee~teel.
Oa o a

.
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— steelwhere F istheaveragefluxinsteel,# isthevolumeofthe
o

uranium region.Theabso@ion h waterisneglectedsince2~2° is
negligible.

Themagnitudeof se~-shieldtigeffectsmaybemeasuredby devia-
tionsin R franthevalueof R= = 0.712 calculatedforthecaseof

–ua constantfluxthroughoutthecell,thatis,F. .~so , whichisequiv-
alentto assuadngthatalloftheconstituentsofthecellarehomo-
geneouslymixed.

Analyzerprocedureforslabsolutions.-Equations(2)subjectto
theboundaryconditionsofequations{3)to (5)aresolvedby thedif-
ferentialanslyzerinthefo130w5ngmanner:

me djffusionP2 appro-tion resultsby setttigF2(x)~ O.
- theboundsx’yconditions,F~(0)mustbe zero.SticeFO(0)ism-
known, itmustbe guessedinordertobegtithesolutionattheboun~
o. us@ theinitid F.(O),the-zer fite~testhe FO equation
untiltheinterfacea isreached.At theinterface,F. isconttiu-
Ous. Thedisconttiuouschamgeof slope‘~B(a)thatnnzstbe applied
to initiatethesolutionforregionB isc~culatd by equation4(c)
with F; z O. The F. eqwtionofregionB isthentitegateduntil
theinterface~ isreachedwherethedisconttiuouschangeof slope
F; ~(~)necessaryto stsrtthesolutioninregionC iscalculatedby
eqktion5(c)with F’ ~ O.2 Theanalyzerthenproceedsto titegxate
theequationsofregionC untiltheouterboundaryT is reached.H
F&(y)turnsout 0,thenthecorrectFO(0)hasbeenguessed.If
F~(y) ~ 0,thenanothervalueF.(0)isguesseduntilthiscriterionis
satisfied.Thef5nal.resultsareshowngraphicallyinf-e 2.

Afterobtatiingthed5fYusimanswer,equations(2)weresetupto
be solveds-tueously. Forthefirsttrial,thediffusiontheory
FO(0)ws md, ad. an tiitw *ue Of F2(o)W= EWSSed” ~ Condi-
tionsofequations(4)and(5)wereusedto computethe”disconttiuous
changesh theslopeattheinterfaces.Thereafter,both FO(0)ad

F2(0)wereguessedsimultaneouslyuntiltheconditionsF~(y) = O and
F~(T)= O weremet. Thetotaloperathgtimeforconvergenceturned
outtobe 8 to 16hoursfora two-regioncelLand16to 32hoursfora
three-regionceld.

.

.——.
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EquivalentTwo-RegionCylindrical.Cell.

As shownh figure3,theradiiofthetwo-regioncylindricalcell
werechosensuchthatthevolumeofwaterplusuraniumandthevolumeof
steelwereequalto thoseina squarecylindricalcellformedfrcmthe
dimensionsusedintheprevioustwo-regionslabcell.Withan outer
squareboundary,theneutronfluxw5JJ_be spatiallydependentonm azi-
muthalangleh thecrosssectionofthecylinderb additionto radial
dependence.Thismgulsrdependenceisnotpresentwhentheoutersquare
boundaryisapproximatedby a circularone.

Fromfigure3,thevolumeof steelperunitdepthfortherectangu-
lsxcellis0.32773cubiccentimeters,andthevolumeofwaterplusur-
aniumis0.32098cubiccentimetersfor’stotalcellvolumeof0.64871
cubiccent~ters. Thismeansthatforthecylindricalcell

fia2 = 0.32773

or

a . 0.3230~

whichistheradiusofthesteelregion,and

fib2= 0.64871

b = 0.4544cm

theradiusofthecell.Theself-shieldingfactorR. thenremainsthe
ssmeastintheslabcell(0.712)forthec~e of a co~stantfluxthrough-
outthecell.

Thecylinderssreassumedtobe infinite’~longandthetransport
fluxdependsspatiallyontheradial.distance.r fromthez-sxis,and
ontwoangularcoordinatesaand~ thatdeterminethedirectionof
theneutronvelocityvector(seefig.4). Theazimuthalangle u of
thevelocityvectorismeasuxedfromanyfixedrad3alltieinthecross
sectionofthecyltider.Thepolsrangle ~ ofthevelocityvectoris
measuredfromthez-axis.Thetransportfluxcanbe writtenas
F(rjp,a)where p = cos~.

InappendixB, thetransportfluxisexpandedinspherical.harmon-
icsto give

F(r,~,a)= ~~w~Fm,n(r)cosm~~(w) (B8)
n=oH

-. --— .—--—-—--——-.—— ——._ . .._ —__ ___ .. .._ ___ —--- _._.
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orthogonalityof sphericalharmonics~

(ti5j,0+ @j@)Fj,k~r~
wherethe 6’s aredefined

3-(

ff

1 qp)dllda= F(r,~,a)cosjaPk
-Y’c-1 .

as

(o 3n#s “{1 m+s

5 ~
m,s and . 8d6E

m=s o m=s

When j=k=o,therighthandsideisthetransortfluxintegatedover
alldirections. 7H iS the tdd fl~ @o,or). Hence

~,o(rl= MO o(r). With j=k=l,therightsideM theProjectionof

thevectorfl& F(r,~,a)ontheradialaxisintegratedoverti direc-
tionsandis,therefore,thenetneutrondiffusionc~~t %,l(r~”
~~, *l,l(r)=fll,l(r)+ -

Assuminga constantisotropicsourceofneutronsineachvolume
elementofthewater-uraniumregion,3nthe P3 approx-tion(see ‘

appendixB),thefollow5ngsetofequationsisobtatied:

Fi ~ ‘1 1+-.-& +2bF == (B9a)
) o 0,0 0,0

‘1 3 F
Fi3+~-Fil-~+ 10b.#02=0 (B%)
) ) )

-2F’ +~F’
‘2 2 (B9c)+~ + ~lF1,l= O%,0 0,2 2 2,2 r

(B9d)

(+ 3F3,3+12 F,
)(

F3
F; s

_‘1,1 -2F’
)

.&&+lobF .0
) r 1,1 r 1,3- 2 2,2”-

(B9e)

( )‘2 2
15 ‘+,2-2+ +’7b3F3,3=o (B9f)

w
CD
%’
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whereb isdefinedh termsofnuclearconstantsby

Transfo*g to fluxes@J,k

*O,k= ‘O,k

‘j,k“ ‘lj,k

‘0,0= Z1-cs0,0

andaftereliminatingF1,l~Fl,3~

k = 0,1,2,3

andtheneutronsource‘0,0 by

k= 0,2

J= 1,2,3

k= 1,2,3

and F3,3 flnmequations(B9)and

9

formallyintegratingwith-respectto r Melds

Thefirstofequations(6)willhereafterbe calledthe 40 0 equation.9
Thesecondwillbe calledthe @o,z eqwtionandthe
equation.

An identicaJsetofequationsholdsh regionA
ceptthat so,O = O andthetermscontainingb are
containtiga.

Boundaryconditions.-Referringagainto figure
boundaryconditionsmusthold: .

F{b,p,a)=F(b,-p,ti) atr=

I@(a,p,a)=@(a,P,a) at r=

thtid-the@2,2

(seefig.3),ex-
replacedby terms

3 thefollowing

b (7a)

a (7b]

. ...-— — ..— . ..-— —.. .-— . ..—— ..+. —-= — ———.—-—..-
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F(M-L)%)= F(O,P,@ atr=O (7C)

l?(o,v,~) ftiite
% ‘d ~ mbitrW

Equation(?a)isa statementofthefactthatnonetflowofneu-
tronsoccws acrosstheouterboundaryoftheceLlinmy srbitramy
dtiection.ThoughthisconditionisstrictlytrueforcylintiicalcelJs
withsqpsreouterboundaries,itcanonlybe approximatelytruefor 8
cellswithcirc~ outerboundaries. %’

Equation(?b) statesthatthetransportfluxinanarbitrarydtrec-
tionatthetiterfacemustbe conttiuousacrossthatinterface.

Equation(7c) isnecessarybecauseat r = O fora givenpolar
singlethefluxmustbe independentof a. Thisleadstothesamecon-
ditionsonthe Fm)n(r)astherequirementFIO,p,a)be finite.

Equations(?a)to (7c) lesdtotheconditions

which

‘I,I(b~= FI,3(b)= F3 s(b)= O

F&n(a)= ~,n(a~

}

m,n=0,1,2,3

Fl ~(o)= Fl @ = F3 @ = F2 2(0)= O
J ) ) )

m@-Y

= & ‘2,2
%,2 3“b

~2,2
*;,2= ~

(8a)

at r = b (outerboundary) (8b)

(8c)

al ( Jal % *i,2,B

)(

1 -3al 2a3
*6,0,A= ~ *6,0,B+ ~ -~ 2 )-*&2,B + ~ ~ + ~ - 5 *2,2,B

(9a)

(9b)
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E13
%’,2,A

()
h.%22B= ~4;,2,B + a b3~~

$0 =4,0
@‘4,2= 0,2

*A B
2,2= *2,2

%,0=0
+“ =00,2

*’ =0
2,2

=0
‘z,2

at r = a (interface)

at r = O (origti]

{9C)

(9d)

(9e)

(9f)

(lOa)

(lOb)

(1OC)

(lCd)

Dtiferentid analyzerprocedureforsolvingcylindricalflu
equations.-A neutronsomceof .sO,o = 1 neutron/(cubiccentfieter)
(second)ischoseninregionB with& zerosouxceinregionA. First
+0 z and @2 z sresetequalto zeroinequations(6)to (9),andthe
re~ult@g cyl)tidricaldiffusionequationissolvedfor @o,o.

ThediffusionequationforregionA andtheoneforregionB are
solvedina mannersimilarto thatdescribedinthesectionAnalyzer
ProcedureforSlabSolutions.~is proceduregivesthegraphic~p2
diffusiontheoryanswer.~

the
the
the
for

at

Havingthe ‘2 solution,theprocedureiSto succeseive~solve

+0 z~*2,2)@o,o)*0,2)*2,2)*()(y andsoforth,equationsby using
boddaryconditions,eqvatims{7~to (91~ forthe @’0,2equation>
thirdconditionsforthe @2,z equation,andtheftistcondition
the @o o eqyation.

>
Unliketherectangularcase,lnhomogeneousboundaryconditionsoccur
r = b,butthesolutionisstUl tiitiatedby guessing‘3(b).The

disconttiuouschangeinslopeatthetiterfaceiscalculatedby thecor-
responding~ equationofequation(8).As intherectangularcase,
homogeneousconditionsontheslopesoftheterms@ occurat r = O.
However,theaddition~re~~nt *2,2(0)= O mustalsobemet.

—-—— -———.—- . -. — _—
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Forthecylindricalcase,itwasnotpossibleto setthethree
equationsof equation(6)titotheanalyzeratthesanetime. There-
fore,thefollow5ngprocedurewasused:

(1)4’2,2~ set-0. The~@ o Odr .obtatiedfromthediffusion

*oJo equationisfedintothe *O z)equationatthepropertime.A
) (1)

firstapprobation@o,~ denotedby *0,z isobtainedwhenthevalue

,-S-d ‘or *0,2(b)leadsto Zb z, (o)= o.

@~~ werefed intothe @o,o equation.

th~.*Oo(b)assumedleadsto
3

. -,

3((4)Thefunctions@~ ~ +

.J’’O,O
t)dr obtainedfrom @olo

(2)
J

term *O, ~ isobtainedwhenthe @o ~(b)assumedleadsto @~ 2(0)= O.
Steps2,3,and4 wererepeatedunt~ the *Oo

)
eqyationsolutionpro-

)

‘eref‘d‘to ‘,e *0,2 ‘quation“ ‘e “

duceda neutronconservationofapproximatelyonepercent.h solving
(2)

andsuccessivevaluesof @2 z,‘or ‘2,2 titerpolationofthefunction

(*,2 -f’’:,,)

)

appeartiginthe @2,z eqpa.tionwasnecessary.The
cu&e tobe usedforthisfunctionhadthesameshapebutitwastiter-

, andbetween

Theamount
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&
cclm

of interpolationofthe J’ ‘)d@O~

r decreasedastheerror

inconservation ofthe *O ~ equ&iondecreased,untilthelastcurve
)

ofthisfunctionusedwaspracticallythatobtainedfromthepreceetig

@o,2 equation.Forthetwocylindricalproblemssolved,thisprocedure
requiredabout40hourseach.

REWLT8 ANDDISCUSSION

RectangularCase

Thefluxdistributionsfortheslabcellsstudiedsreshowninfig-
ure2,andtableI presentsthenumerical.valuesoftheseM-shield@
factors.The P2 apprcxdmationcliffersfromthe ‘3 approximationh
calculatingself-shieldingeffectsfortheexamplespresented.

Themagnitudeof self-shieldingeffectsaremeasuredby deviations
in R fromthevaluefor RH of0.712calculatedby ass-g a constant
fluxthroughotithecell..Forthetwo-regioncell,thedeviation.from‘‘
R= was0.0107and0.0150,respectively,for 93, uriboundandbound,and
0.0048andO.008Qfor P2,unboundandbound.Forthethree-regioncell,
thedeviationswere-0.0225md -0.0224for P3,unboundandbound,and
-0.0121for P2,unboundandbound.

Thedeviationsarepositiveforthetwo-regioncellbecausethe
presenceofthesourceterminthewater-uraniumregionleadsto a higher
fluxand,consequently,moreabsorptioninuraniumrelativetothecase
wherethefluxwasconstantthroughouttheslabcell. tithethree-
regioncell,theneutronfluxisconsiderablyatt&nuatedby transitim
throughthewaterandsteelregionsbeforeabsorptionoccurinuranium.
Hence,a negativedeviationfrom R= isobtained.

A considerationof chemicalbindingdoesnotaffectv%luesof R
forthethree-regioncelldespitesn increasedfluxinwaterresulting
fromlargeraveragehydrogenscatteringcrosssectionsforthebound
cases.Thefluxishigherinthewaterregionfortheboundcasesbe-
causeneutronsundergomorescatteringcollisionspersecondwhichtends
to conftiethemthereandbuilduptheflux.Thiseffectis enhsncdto
someextentby thelargermassnuuiberM fortheboundcasewhichtends
toproducemorenearlyisotropicscatteringthatattenuatesthestresm-
ingofneutronstowardthesteelregion.Thusahigher R i.stobeex-
pectedfortheboundcases.Inthetwo-regioncell,chemicalbtiding
leadstoa largervalueof R by virtueoftheincreasedfluxinthe
water-uraniumregionrelativetotheunboundcase.

.- -— --—— --.——— --- —— -- . -. ——. ———. ——-— ~ ..__ _______ ——— .—
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Becausethetotal.neutronfluxissymmetrical.abouttheextreme
boundariesofthecell,no leakageoccursfromthecell.Thus,for
steadystate,thetotalnuriberofneutronsabsorbedpersecondinthe
celJmustequalthetotslnuuiberproducedpersecond.Thiscriterion
wasappliedto eachofthefluxcurvesoffigure2 asa checkonthe
accuracyofthesmalyzersolutions.As csmbe seenfromtable1, con-
servationofneutronsh theslabcaseissatisfiedwithinabout2 per-
centforthethree-regioncaseanda 1/2percentforthetwo-region
case;
tions

thevalueof R- wasfoundtobe’in%sitiveto suchs= devia-
inconservation.

CylindricalCase

Unbound. - me P3 apprm~tion @O,O curveandthediffusion
@O ~ curveshowninfigure5 resultedfromsolvingequations(6)to (9)
fo~theequivalentunboundtwo-regioncylindricalcellproblem.The
cylindricalP3@0 ~ c~mes withthe P3 approximationflux FO(X).

thes1* cell& thefollowingmanner:

ThevaluesOf @o)o attheouterboundmy,fiterface,andorigin
1.184,l.lJl,and1.023,respectively,forthecylindricalcell.
correspondingvaluesof ‘o are1.071,1.105,and1.160.Theflux

tithesteelregionofthecywder islowerimplyinga higherfluxin
thewater-uraniumregicmto satisfyconservatism.

TableII givestheresultsforthecylindricalcelJ.Unliketable
1,theaverageproductionandabsorptionaretakenper~cdiccentimeter-
secondofmaterial.Theaverageabsoqtionpercubiccentheter-second
ofregionA, forexsmple,iscaJcuk.tedby

J’@’dvxxA.&MJ’a.:

,.

&

a
dV z ‘i&ii

Aftercalculatingtheaverageabsorptionpercubiccent3meter-secondin
regionB, itfo~owsthat R = 0.7198forthe P2 apprmdmationand
R = 0.7336forthe P3 approxhation.Thus,moreabsorptionoccurs
h thewater-uraniumregionofthecyltidxi.calcellthaninthessme
regionoftheslabcell.
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,t’&.

com

As h theslab-cellcase,conservationofneutronsmustbe satis-
fied. Thediffusion@O,O andthe P3~0,0 wereappr=imately2.0and
1.2percent,respectivefi,toosmallconservationwise.As fortherec-
tangularc~e~ valuesof R werefoundtobe insensitiveto smalldevia-
tionsinco&rvation. .

Boundcase.- The P2 and P3 curvesfortheboundcaseareshown
tifigure6. As wasexplainedforslabcells,a higherfluxinthewater-
uraniumregion,leadhgtoa lsrgermil.ueof R relativeto theunbound
caseistobe e%yectedwhentheeffectsofmolecuJarbindinginwaterare
considered.ThisisverifiedfromtableII,whereR = 0.7213for P2
and R = 0.7355for P3. Conservationis2 percentand0.7percentlack-
ingforthesecurves.

Valuesof @O,O attheouterboundary,interface,andoriginare
1.2~,1.111.,and1.018,respectively.Thecorrespondingvaluesfor
Fe(x)inthe P3 apprmdmationfortherectangdarcellare1.060,
1.092,snd1.180,respectively.

CONCLUDINGREMARKS .

Thisstudyshowsthatthe P3 a~roxtitionoftransporttheoryas
comparedwiththecliffusiontheoryapproximatimgivessignificantdti-
ferencesforthefluxdistributionsandse13?-shieltigfactorsofmulti-
regioncellsofrectangularandcylindricalgecmetry.Thediffusion
a~roxhnationunderesthnatedthemagnitudeof self-shieltigeffectsrela-
tivetothe P3 approximationforallcases.

Also,thechemicalbindingofthehydrogenh thewatermoleculewas
foundtobe importantforthetwo-regioncellswhichconsideredtheur-
anim tobe hcmogeneousl.ytied withthewater;boththefluxdistribu-
tionandtheself-shieldingfactorweresffected.Forthethree-region
cellwheretheuranimwasconsideredtobe a region,thechemicalbtid-
tigeffectdidnotchangetheself-shieldingfactorbutdidalterthe
fluxdistributionsscm.ewhat.

An electromechsmicalclifferentialanslyzerwasfoundtobe suitable
forsolvingthe P2 and P3 fluxequations.

LewisFlightPropulsionLaboratory
NationalAdvisoryComnitteeforAeronautics

Cleveland,Ohio,Jamary17,1956

-—.. —. __ ______ r._. —.--———— ——— —— —_. . _
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AFPENmX

Em’IBms
used as eithermibscriptsor
iousregionsofa cell.

A

,
superscriptsto denotethevar-

radii ofthecylindrical.cell. .

deftiedast& dtiference(z- N ISS S,k)

1theneutrondiffusioncoefficientdeftiedby D = —
3al

thecoefficientsoftheexpansionofthefluxfunctionin ~
cylindricalgecmetry -

thekthcoefficientofthe~g~e

functiontirectangulargeometry

deftiitionof‘thetransportfluxin

chemical.symbolforhydrogen

unitvectorsalongx,y,z-sxes

0,1,2,3

atomitmass

expansionoftheflux

cylindricalgeometry

numberof scatteringnucleipercubiccent~ter ofa region

theassociatedLegendrepolynomialof tidicesn,m

self-shieldingfactordef3nedastheratioofabsorptionsin
uraniumto thetotsll.numberofabsorptionina cell

homogeneousself-shielding”factor,RH = 0.7120

radialdistantefromthez-sxis

unitradialvector

constantisotropicsourceofthermalneutronss
J%

chemicslsymbolforuranium
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v

x

O)a, f3,5

a

5

e

ec

P
m

& v

volume

variabledistanceusedfortherectsmgular

valuesof x atthevariousboundariesof
cell

cell

therectangular

azimuthalangleofthevelocityvectormeasuxedfromthe
z-axis

symbolforthelfioneckerdelta ,

scatteringangleinthe

scatteringangleinthe

definedbyp = cos~

deftiedby V = COS 6&

polar angle ofvelocity

laboratoryfrsmeofreference.

centerofmasssystem

vectormeasuredfromthez-axis

thetotalmacroscopicneutroncrosssection

macroscopicneutron

macroscopicneutron

microscopicneutron

t~ kthcoefficient
@ function

microscopicneutron

absorptioncrosssection

scatteringcrosssection

scatteringcrosssection

oftheLegendreexpansionofthescatter-

transportcrosssectioninthelaboratory
fkaneofreference

transportflux

anglebetweenratiusvectorr andx-axis

azimuthalanglemadeby a neutrondirectionaftercollision
withtheneutrondirectionbeforecollision

unitvectorinthedirectionofneutronvelocity

-— . _.. _ .. . . .. _. -.. _____ - .- .._+—- .—. -—.— —.—_____ _____ ___
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APPENDIXB

THE P3 APPROXIMATIONFORCYIZNDRICALGEOMETRY

Thegeneralsteady-statemonoenergeticBoltzmantransportequation
stat- theconservatismofneutronflux”F foru elementofvolumeis
(ref.2)

3
d~!

N

‘s
a

ITS(7S(3,3‘}

unitvectorM thedirection

elementof solidangleabout

ofneutronvelocity

&&ectionI‘

numberofnucleipercubiccentimeter

numberofscatterhgnucleipercubiccentheter

totalmicroscope;neutroncrosssection

probabilimpercentxhneterthata neutrontravelinginthe
directiont’ undergoesat ~ a scattera~gco~~ion
fitoa unitsolidangleaboutdirectionQ

ThefirsttermrepresentsthenetnumberofneutronswithCtirection
+
Q at ~ lealdngoutthroughthefacespercfiiccent+~ter$ersecond.
ThesecondtermisthelossofneutronsofdirectionQ at r percubic
centheterperseccmddueto absorptionorscattertigcollisions.The
thirdtermisthenumberofneutronspercubiccent=terpersecond
trave~hginthedir~ction+3’ thatundergm?sa scatteringco~ision
intothedirectionQ at r. Thelasttermisthenuaibe~ofne~trons
producedperctiiccentimeterpersecondwith&lrection

Thefollotigshplifyhgassumptionsaremade:

(1)TheneutronfluxhascyltidricaJ-symetry,that
dependentof ? and z,thespatialazim.rbhalandsxial
directionsof ~ areftiedrelativetothedirectionof

A

Q at r.

is,F iS in-
coor~atesfor
+
r.

.

[2) w -im is isotropic, ~ch @?li- u(a) = ~) a co~tmt)
andthescatteringisa functiononlyoftheanglebetweentheinitial
dtiectionoftheneutronvelocitysndthefinaldirection.
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(3)Thescatteringissphericallysymmetricalinthec&nterofmass
i3ys-km.

Referringto figure4 inwhichthedirectionof
ityvectorat r isgivenby polarangleE andan
h theplaneofthecrosssection,

3 =TsinE cos[a

=;singcosa

wher: i? isa unitradial
to r intheplaneofthe

theneutronveloc-
azinmthalanglea

+ZCOSE

(B2)

vector~d ~ isa unitvectorperpendicular
crosssection.Then

h Corqyizhlg
@ges. (With1
aseithervariable
be functionsof Q
Therefore

heldfixed,~ and a donotvarywith r,or Z,
aloneb chsmged.) Thisrequ5resthat g ad a
despiteno explicitdependenceof F on q.

@3)

since cos&&F = O.

Theconditionthat & ranati
and Q + a,theanglesmadeby ~
respectively,be constantsothat

fixedas q changes
andtheftiedz-and

requiresthat~
x-direction,

—.—. _.. ——. _ ..—. .—= _ _______ . . . .. . —— _____ ___ .-
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Lettingp = COS~, substituttig(W) tito(B3) andnotingthat
.

assumption(2)implies ..

~o= Cos(a,a)=Cosg CosE’+-sinEStiE-’Cos{a- a’)

equation(Bl)becomes

l/2
{1 - pq

{ }

Cosaa& Stiaal?-—
r ~ + NuF(r,w,m)=

1J’JaNs-1 -31
~ us(Po)@jv’;~’b’w’ + S(r,w,a)

.
US(~) isexpandedh a seriesofLegendrepol.ynomislsto give

where

It ~ tobe notedthat crS,o isthetotal.scattering

‘s,1 isthetotalscatteringcrosssectiontimesthe

thescatteringangle.

I& theadditiontheoremforLegendrepolynomials,

m
CD
3’

(B5)

crosssectionad
averagecostieof

m z

-1
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whichgivesthevariationofthescatteringfunctionintermsofthe
desiredvariables.Eq~tion(B5)becomes

111 a
Ns rr m22+1
% F(r,p’,a’) —2 US,F’JP)%(P’)+

Symnetrydemandsthat

}

F(r,p,a)= F(r,p,-a)

F(r,V,a)= F(r,-p,a)

Thetramportfluxisexpaadedina setofsphericalharmonicsto
give

Fm,n = o (B8)

m>n

Harmonictermscontaintigsina donotaypearh (B8)becauseofthe
firstofconditions(B7). Thesecondof conditions(B7) impliesthat
Fm,n(r)a O foreitherstiscri@evenandtheotheroddsince

P&) = (-l)n= ~(v). b the P3 w?ra~tion,Fm,n(r)is neglected
when n> 3. ThefunctionS(r,p,a) islikewiseexpandedinspherical
harmonics(forisotropicsourcesonlythe m = O termsarepresent).

‘J)(p)dpdaMultiplyingbothsidesof eqmtion(B8)by cosjaPk

andintegratingoverill p and a gives

. ... .. . . . .. ..——— ..—— .-. —.= _—. _ ____ ____ ~—-. ...-. — ____ —_______ ._
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j,k= 1,2,3 h the

bm,S isdefinedaa

NAC.ATN 3661

‘3 approxhnation. Theordinaryfioneckerdelta

(o

This

J’3(-Yt

(18+= o

relationfollowsfromthe

(
cosmacosjuti=b fim,j

m+S

m= s

for m+S

for m=S

orthbgonalityproperties

As isexplainedintheANALYSISsection,thetotalneutronflux

2Wo o(r)=@o o(r);thenetneutroncurrentfill(r)=*1 l(r);and) )
the~otalsour~estrength2tG30,0= SO,O.

substitut~equation(B8)into (B6),multiplying(B6)by
C08 ja p~(~)h ~ andintegratingover a from z to m andtien
titegratingover ~ from -1 to 1 (overaU dtiectians)andsfter
dividingthroughby2J(

m+J

m=j#O

m=j=o

~m thisappemdix,itispsxtic~ly convenientto introducea
‘%cdMied”deltafunctionnotationdeftiedinthisway.
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l-(

J’ mmn(r) ‘
Cosacosmucosjada+ ; J’sincLsinRKLcosjcLacL+-x -z

Performingtheintegrationover a,theleakageterminthe P3
a~roximationcanbe written

where ~ haspositivevaluesonly.

—-— .—..--. —-.. ——___ ._. _ ____ .. ----- ___ ____ —-- ----——— .. ..- -—. —.—_. .__.
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After evaluattigtheremaininginte~alsh theleakageterm(ref.
3,pp.102to 104)theBoltzmaneqmtiaucanfjnallybe written .,

++[
k k+l ~, 1 [ ‘l,k+l- F,
4 2k+l O,k-1- ‘;,k+l 1‘1,k-1 ~

bj,l+ & ‘;,k+l+ r l,k-1- r j,o+

pl L

In the P3 appracbwtion,a setofsixsimultaneousequationsin

~,n(r)aregenerat~by lettingj and k tidependentl.ytermsof F
tdseonthevalues0,1,2,3

f
morn<O

{

morn>3
Fm,n{r)s O for

m> n

{eithersubscriptevenandtheotherodd

Assuminga constantisotrapicsourceofneutrons,thefollotig
setofshul.taneousequationsare

‘11F;l+~
J

generated:

+2b Fo 0,0= =0,0
(B9a)

F1 3 -=+lobFF;3+~-F’ 2 0,2 = o
J 1,1 r

%,0 ~F? +>+~F
- ‘6,2 + 2 2,2 r 11,1=0

(B9b]

(B9c)
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K
alm

where bk = Ncr- NS5S~;k = 0, 1, 2, 3.
)

BY setting Fo,z ~d ‘2,2s O h (B9c],eqpations(B9a)and
{B9c)reducetotheordinarycyltidricaldMfusionequationwhenthey
aretrsmsformedby

W‘O,k‘*Ojk

X ‘Ojo=‘0,0

.

.-—. . ..- —.—. ___ —-- ___ ______ -.-.—— .. —-
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APPENDIXc

CAWWMTON OF COEFFICIENTSIN P. APPROXIMATION

NEUTRONFLUXEQUA!T!IONS

Theterm ak appesxinginequations(1)isgivenby

a+%g~,k k=0,1,2,3

wherethesuperscripts[whichwillheresfterbe dropped)referto region
A. The US~ appearingd (Cl)isthecoefficientofthekthLegendre

>
polynomialh theseriesexpansionofthescattertigfuncthn,thatis

By theorthogonalityofLegendrepolynomials

Thephysicalmeantigof Us,o and %,1 csmbe deducedfromthe
fol.low5ngconsiderateions:

Theterm

trontraveling
fromfollowing

NSUS{~,~’] istheprobabilitypercentimeterthata neu-
jnthedirection~’ isscatteredintothedirection~
sketch.Scatteringisassumedtodependonlyonthe



.
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angle 0 {oritscosine)where

NSCS(Po)@o canbe deftiedas=

27

++
Q’.g=cosg= Po. Thena qumtity
theprobabilitypercentheterofa

neutronbetigscatteredfrom ~’ intoanelementalringofaxea
M @o withdirectioncosinesbetweenp. and p.+ @o. Then

or

For k= O,therightsideofeqwtion(C2)
functionintegratedoverallvelocitydirections

totalmicroscopiccrosssectionforscattering.

For k = 1>P1(PO}= V()
costieE()ofthescattering

sothat Us,l ~

angle.

Now

is
so

thescattering—

‘-t ‘%,0‘s‘he

%,0timestheaverage

‘tire %,0 istheprobabilitythata neutronisscatteredand

P(~)dPo iStheprobabilityt~t the
tioncostiep. between~ and ~
tidependentofthecoordinatesystem,

scatteredneutronhasthedirec-
+ dpo. Thisprobabili~mustbe
therefore

p(v)@

wherep(v)dvistheprobabilityofscatteringtitotheangle
~ d(cos13c)inthecenterofmasssystemwhere 13cisthescattering
angleinthecenterofmasssystemand v= cos ec.

Assumptionofsphericallysymmetricalscatteringinthecenterof
masssystem@lies

Therefore,
o

——-.—. —— . . . . . . . ...— — —
. .
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Applyingthelawsofconservationofenergandmomentumforelaa-
ticco~isionofa neutronwitha statio~ nucleusofmass M,yields

whichrelatesthecosineofthescatteringanglein
tm tothatofthecenterofmasssystem.Equation
written

1

J’‘u+p‘S,k= k(~)dv
-1

Equation(C3)enablestheintegralin (C4)
M, 1,2,3 h a straightforwardmannerwiththe

“s,0=%,0 ‘

(C3)

thelaborato~sys-
(C2)canthenbe

tobe evaluatedfor
results

(C4)

2
‘s,1= m Us,o

{

d -s~ (M2
( )}

t

(C5)
-12

%,2 ‘%>0 %T -- -l)21n; +1

‘s,3 = 0

The specialcaseofan inftiiteatomicmass A. (oftenassumedfor

heaw nuclei)gives US,l= ‘S2 = ‘S 3 = 0 whichfolLowsfrcmequation

(C5).Scatteringisthenisot~pic& thelaboratorysystemofreference,
aswell.For~ght atticnuclei,thescatter~ iSpred~t~ for-
wardinthelaboratorysystem.

“Equations(C5)enablethecalculationof usk forthe P3 approx-.

equationsforthe
waterregionwere

regicmsA, B, andC. onlythehydrogennucleiofthe
assumedtohavea finitemassnumber.

.

CN
03

2

.
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TABLE1. - REc3MmmARGEQmY

[Homogeneousvalueof Rm = 0.712.1

Total Totsl Totalfuel R R - 0.712
productionabso~tionabsorption

SeM-shield@ factorsfortwo-regionc-
.

b’aIISpOti theory, p3

Unbouud 0.1993 0..1987 0.1436 0.7227 0.0107

Bound .1993 .1993 .1449 .7270 .0150

Dtf’fwionthewjP2

Unbound .1993 .2006 .1438 .7163 .0048

Bound .1993 .1989 .1432 .7200 .0080

Self-shieldingfactorsforthree-regionceU.so

-port theory,p3

Unbound 0.1993 0.2029 0.1399 0.6895-0.0225

Bound .1993 .2039 .1406‘ .6896-.0224

Djf~ion theory,p2

Unbound .1993 .2006 .1404 .6999-.0121

Bound .1993 .2026 .1418 .6999-.0121
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TABLEII.- CUJNHRICALGEOMETRY

[R== 0.712]

ProductionAbsor@ion Fuel R R - 0.712
absorption

(c~sec] (c:~sec)
(c;~sec)

Self-shieldingfactorsfortwo-regionceU.

!2m.usporttheory,p3

Unbound 1.CQO 0.9880 0.7248 0.73360.0216

Bound 1.000 .9932 .7305 .7355 .0235

Diffusiontheory,P2

Unbound l.OCXl .9790 .7047 .7198 .0078

Bound 1.000 .9802 .7070 .7213 .0093

.

—— ——. —. —.-— .. —---- — .. —.- . ——— —..—— ——-—
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(a) Two-region.
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(b)Three-region.
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Figure1.-Rectangularcells.
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o .1 .2 .3 .4
Variabledletance,x,cm

(a)Two-regioncell..MoleculerMndlngeffectsneglected.

Figure2. - Neutronfluxdistribution.

33
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(b) !l?uo-regioncell.

Fl@yre2. -

VariableMdmCej x) ~

Maecularbindingeffectsofwaterappmdndea.

contLllLlea.Neutronflm dletributlon.



(.) Three-regioncell,
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Figure2.
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VariableMetence, x, cm
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(a)Usedto,obtainequivalenttwo-
regioncylindricalcell.

r . b = 0.4544 cm

(b)Equivalent
drica~cell..,.-..

.:-b
Figure3..~ The..

two-regioncylin-

cylindricalcell.
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Figure4. - Cylindricalcoordinatesystem.
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